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Abstract
For q odd, we extend the known construction of Fisher–Thas–Walker ocks via the osculating
planes to a twisted cubic (see Fisher, Thas, Math. Z. 169 (1979) 1–11) to monomial ocks,
provided some restrictions on the characteristic hold. In particular, we get an alternative geometric
description of Kantor ocks (Kantor, Math. Z. 192 (1986) 65–50) for p =3.
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Let q=pn be any prime power. Let K be the quadratic cone of PG(3; q) with
equation x0x1 = x22 and vertex v=(0; 0; 0; 1). A 2ock F of K is a partition of K\{v}
into q conics. An example is the linear ock, intersection of the cone with the planes
through a @xed exterior line not containing the vertex. Associated with ocks there
are some translation planes ([15,17] or [5]), and some elation generalized quadrangles
([6,9], and [15]). For more details on ocks and related structures (the so-called q-clan
geometries) see e.g. [11] or [16].
Without loss of generality and following the notation of [5], we may suppose that
F consists of the planes t with equations tx0−f(t)x1+g(t)x2+x3 = 0, t ∈GF(q), for
suitable maps f; g of GF(q) to itself such that f(0)= g(0)= 0. We write F=F(f; g).
It both f and g are monomial functions, then F is called monomial.
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For q even, monomial ocks have been completely classi@ed by Penttila and
Storme [14].
For q odd, four classes of monomial ocks are known: linear ocks, Kantor–Knuth
ocks [5], Fisher–Thas–Walker ocks [4,6] and Kantor–Payne ocks [7,10]. The planes
of the linear ock have a common line, and the planes of Kantor–Payne ocks have a
common point, and these con@gurations characterize both among the ocks of quadratic
cones. For a detailed description of the above classes, see e.g. [16].
Also, another example is known (sporadic semi@eld ock for q=35), arising from
the Penttila–Williams ovoid of Q(4; 243) [13], which is constructed by Bader et al. [2].
Recall that the Fisher–Thas–Walker ocksF have the following description (see [4]).
Let q≡ 2 (mod 3). The twisted cubic T= {(ut2; u3; tu2; t3) | t; u∈GF(q)} is contained
in the cone K , and, if Pt =(t2; 1; t; t3) is any point of T other than v, then the
osculating plane to T at Pt is t with equation 3tx0 + t3x1 − 3t2x2 − x3 = 0. Then
F= {t ∩K |t ∈GF(q)}.
Thus, it is quite natural to ask whether it is possible to describe some other ock
as the intersection of the cone with the osculating planes to some rational curve.
We exclude linear ocks and Kantor–Knuth ocks because of the special intersection
properties of the planes.
Indeed, we can prove the following result.
Theorem 1. Let F=F(f; g) be a monomial 2ock with f(t)= ath and g(t)= btk ,
with h 	= k; b 	=0, and h; k¿1. Suppose too that the characteristic of the "eld does
not divide any of h; k; (h− 1); (k − 1); (h− k).
Let = {(s; sh; sk ; 1)|s∈GF(q)}∪P where P is either (0; 1; 0; 0) if h¿k or
(0; 0; 1; 0) if h¡k; =− hk(k − 1)−1(h− 1)−1; = − k(h− 1)−1(h− k)−1a−1, and
= h(k − 1)−1(h − k)−1b−1. Then F consists of the (q − 1) osculating planes to 
at the points other than P and (0; 0; 0; 1) plus the plane with equation x3 = 0.
Proof. A direct computation shows that the osculating plane to  at the point
(s; sh; sk ; 1) for s 	=0 has equation
hk(k − h)sh+k−3x0 − k(k − 1)sk−2x1 + h(h− 1)sh−2x2
+ (k − 1)(h− 1)(h− k)sh+k−2x3 = 0:
Divide by (k − 1)(h− 1)(h− k)sh+k−2 and put t= s−1 to get
− −1hk(k − 1)−1(h− 1)−1tx0 − −1k(h− 1)−1(h− k)−1t hx1
+ −1h(k − 1)−1(h− k)−1t kx2 + x3 = 0:
To conclude, recall the de@nition of ; ; .
Remarks. Recall that, by [12], any partial ock of order (q − 1) can be uniquely
completed to a ock. Also, the plane with equation x3 = 0 is indeed the only possible
choice to obtain a ock.
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Note that the curve  contains the vertex of the cone K , and the point P belongs
to the cone if and only if h¿k, which is the case for the known examples. Further,
it is not true in general that  has some other point in common with the cone. The
above theorem provides another geometric construction of Fisher–Thas–Walker ocks
via a twisted cubic which is not contained in the cone.
Recall that Kantor–Payne ocks exist for q≡± 2 (mod 5) and consist of the planes
with equation tx0 + dt5x1 − et3x2 + x3 = 0, with d2 = 5e and t ∈GF(q), which are
mapped to the planes with equation tx0 + 5t5x1 − 5t3x2 + x3 = 0, where t ∈GF(q), by
the collineation (x0; x1; x2; x3) → (5x0; ex1; dx2; 5x3), which preserves the cone. Hence,
we choose this last representation for Kantor–Payne ocks. For p 	=2; 3, they are
precisely those associated with the translation planes of Narayana Rao et al. [8],
which are derived from some planes de@ned by Cohen and Ganley [3], as shown
by Bader [1]. As a corollary to Theorem 1, exactly those Kantor–Payne ocks are
described.
Corollary 1. Let F be a Kantor–Payne 2ock. If p 	=2; 3, then F consists of the
osculating planes to the curve  = {(− 158 su4;− 340 s5; 14 s3u2; u5)|s; u∈GF(q)} at the
(q− 1) points with s; u 	=0 plus the plane with equation x3 = 0.
Proof. The osculating plane to  at (− 158 s;− 340 s5; 14 s3; 1) for s 	=0 has equation
s5x0 + 5sx1 + 5s3x2 + s6x3 = 0.
For the particular case of Kantor–Payne ocks, we have not been able to @nd some
other appropriate curve to use if the characteristic of the @eld is either 2 or 3.
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